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Abstract 



Motivated by recent proposals in |hep-th/0202021| and [hep-th/0204051| we develop 



semiclassical quantization of superstring in AdS^ x 5"^. We start with a classical solution 
describing string rotating in AdS^ and boosted along large circle of S^. The energy of the 
classical solution i? is a function of the spin 5" and the momentum J (R-charge) which 
interpolates between the limiting cases 8 = and J = considered previously. We derive 
the corresponding quadratic fluctuation action for bosonic and fermionic fields from the 
GS string action and compute the string 1-loop (large = ^) correction to the classical 
energy spectrum in the {S, J) sector. We find that the 1-loop correction to the ground- 
state energy does not cancel for S ^ 0. For large S it scales as In 5", i.e. as the classical 
term, with no higher powers of In S appearing. This supports the conjecture made in |hep- 



bh/02040"5T| that the classical E — S = a In 5" scaling can be interpolated to weak coupling 



to reproduce the corresponding operator anomalous dimension behaviour in gauge theory. 



04/02 



* Also at Steklov Mathematical Institute, Moscow. 
** Also at Lebedev Physics Institute, Moscow. 



1. Introduction 

Superstring theory in AdS^ x S"^ is a higlily symmetric yet complicated-looking the- 
ory: both bosonic and fermionic sectors of the corresponding 2-d action are non-linear 
and hard to quantize directly. This precludes one from proving the expected duality to 
A/'=4 SYM theory (even in the large limit) in a direct way. It was recently suggested 
Ij^,^,^ that looking at special sectors of states in the full string spectrum where certain 
quantum numbers are large may allow one to check the AdS/CFT correspondence beyond 
the supergravity level. 

In the simplest and most explicit example one considers the sector of string states 
localized at the center of AdS^ and carrying large momentum J along the central circle of 
S^. The leading (1-loop) term in the energy spectrum of the corresponding quantum string 
oscillations can be found explicitly in the limit of large string tension or y/X = ^ ^ 1. 
Using the near-BPS nature of these string states one is then able to reproduce the 
same string oscillator spectrum on the gauge-theory side as the spectrum of anomalous 
dimensions of single-trace operators carrying large R-charge. 

In a more complicated but potentially more interesting case one concentrates on 
states with large angular momentum S in AdS^ (corresponding to spin in the boundary 
theory). A remarkable observation is that the classical energy of a rotating string 
in AdS^ space scales, for large ^ 1, not as in fiat (Regge) case E = V2XS but 
as E = S + - — In -S= — \- which looks the same as the + alnS" behaviour of the 
(canonical-|-anomalous) dimension of the corresponding bilinear operator in gauge-theory 
perturbative expansion. Since the string rotating in AdS^ is not a BPS state, one expects 
that its energy should receive quantum (sigma-model loop) corrections, 

E = S + /(A) In ^ + h{X) In^ ^ + - , (1-1) 
where f,h,... are given by series in A ^ 1 (large tension) expansion 

/(A) = ^ + ^^ + ^ + 0{\), h{X) = k, + ^ + 0{j) , ... . (1.2) 

To be able to establish a correspondence with gauge-theory results /(A) should admit an 
interpolation to weak coupling, /(A)a<i = biX + b2X^ + which should agree with the 
SYM perturbation theory. For consistency of the proposal of all stronger that In 5", 
i.e. In'" (m = 2,3,...), corrections should cancel, both on the gauge-theory Q and the 
string-theory side. 
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Here we shall compute the 1-loop string correction to the energy of the classical 
rotating AdS^ string solution considered in and show that while /(A) in ( |1.2| ) does 
receive a correction (ai is non-zero), h{X) indeed vanishes {ki = 0). We shall also argue 
that the same remains to be true to all orders in string expansion. This provides strong 
support to the suggestion of [Q, and thus another highly non-trivial check of the string 
theory - gauge theory correspondence. 

Below we shall develop the general formalism for semiclassical quantisation near classi- 
cal sigma-model solution describing rotating string in ^^5*5 x , with the aim to compute 
the leading (1-loop) term in the energy of excited quantum string states in the sector with 
given angular momenta. We will use the Green-Schwarz formulation [|5|, and to the 1- 
loop order, will need only the simple quadratic term in the full fermionic action. Part 
of the discussion will be very similar to the one in 0,^^ where the 1-loop correction to 
the AdS^ X string partition function near a "long" string configuration relevant for the 
Wilson loop average p was computed. 

We shall consider the classical rotating solution that generalises both special cases 
considered in and 0, i.e. describes a folded closed string stretched along radial direction 
p of AdS^ and rotating along large circle (p of the boundary 5""^, with its center of mass 
moving along the large circle (f of S^. The classical energy is a complicated function of the 
two angular momenta 5" and J. It interpolates between E = J for S = 0, E ^ S + In 5" 
for J = and large S, and E ^ ^ P + l^fXS for ^ < 1, \ (which is the 

familiar flat-space expression E"^ = J'^ -\- ^S). Consideration of this 2-parameter case is 
illuminating as it allows to interpolate between part of the quantum string spectrum in 
(with spin represented by small string oscillations in AdS^ directions) and the classical 
spectrum of a short string rotating in AdS^ and boosted along the circle of (see section 
3). 

We shall start the discussion of the 1-loop quantum correction to the classical energy 
spectrum in section 4 with the case of J 7^ but = 0, i.e. with non-zero boost but 
no spin in AdS^ . We shall explain in detail (following suggestions of and 0) that 
the semiclassical quantization near the boosted point-like string solution gives directly the 



same oscillator string spectrum as obtained by exact quantization []TO| , pT[] of the closed 
superstring in the plane-wave |[T^] background. Since in the 1-loop approximation near a 
bosonic string solution one uses only the quadratic term in the fermionic part of the action, 
one does not need to go through the derivation of the exact form of the GS action 
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in the plane wave background, and the choice of the hght-cone kappa-symmetry gauge is 
essentiaUy imposed on us by the form of the classical string background. 

In section 5 we shall derive the action for small fluctuations near the general (boosted 
and rotated) string solution, by considering bosonic fields in both static (sect. 5.1) and 
conformal (sect. 5.2) gauges and obtaining (in sect. 5.3) the fermionic part of the action 
from the quadratic part of the GS action in AdS^ x background (for non-zero S we can 
fix covariant kappa-symmetry gauge as in ||^). The resulting action describes a collection 
of 2-d bosonic and fermionic fields on a flat cylinder (r, a) = {T,a + 27r) having, in general, 
non-constant (cr- dependent) masses. 

In section 6 we shall study the 1-loop quantum corrections to the energy of the classical 
solution using certain approximations. We shall first compute the 1-loop shift of the 
ground-state energy AE (sect. 6). It cancelled out in the BPS case E = J, = but 
does not vanish in the case of non-zero spin. In the limit of large S and J = we shall 
find that the 1-loop coefficients in ( |1 . 2| ) are ai ~ — ^^"^ and ki = 0. We shall also argue 
that in general string a' corrections will never produce higher than log S corrections to the 
energy. 

We shall then consider (in sect. 6.2) the excited oscillator part of the 1-loop string 
spectrum (i.e. a generalization of the oscillator spectrum in the S = case 0) by con- 
sidering special limits in the (S", J) parameter space. It would be interesting to see if the 
anomalous dimensions of gauge-theory operators with large spin and large R-charge have 
similar scaling with S and J as we find on the string-theory side. 

Appendix A contains a derivation of the general expression for the correction to the 
energy of classical rotating string solution in terms of the 2-d Hamiltonian for quadratic 
fluctuation fields using the conformal-gauge constraints. 

2. Superstring action in AdS^ x 

Our starting point will be the GS superstring action in AdS^ x written in the 
following general form 






(2.1) 




(2.2) 
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Here = (r, a), a = cr + 2n. We shall use Minkowski signature in both target space and 
world sheet, so that in conformal gauge y/—gg°'^ = rj"'^ =diag(-l,l). The fermionic part is 

Lf = iiy^g^^d" - e''^s")9^gaDb9^ + 0{9^) , (2.3) 

where /, J = 1, 2, s^"^ =diag(l,-l), Qa are projections of the 10-d Dirac matrices, 

Qa = TAE^daX^ = {V ^El, + Vp,E%)daX'^ , (2.4) 

and E^^ is the vielbein of the 10-d target space metric (see [^,|^ for details). Here X^^ = 
(x"*,?/"^ ) are the coordinates and p,p' are the tangent space indices of AdS^ and 5"^. 
The covariant derivative Da is the projection daX^ Dm of the 10-d derivative = 
{dM + lujffTAB)S" - ^FA^.^A^T^'-'^^TMe^'^- Since 9^ are 10-d MW spinors of the 
same chirality and since F^ = + *e5 for the AdS^ x 5"^ background, it can be put into 
the following form 

Da9' = {5'^Da-'-e'^r,ga)9'' , = zroi234 , = 1 , (2.5) 

where Da = da + \daX^ ujffV ab and the "mass term" originates from the R-R coupling 
(cf. [|,i).0 

In the leading large \fX = approximation near a classical bosonic solution we will 
be discussing we will need to know only the quadratic fermionic term.i Our approach will 
be similar to the one in where 1-loop string correction to the Wilson loop factor 

(i.e. long open string configuration) was discussed. Here we will follow 0,^ and will 
need to use global coordinates in which the space-time energy of a string state is directly 
related to the dimension of the corresponding state in dual gauge theory 

We shall use the following explicit parametrization of the (unit-radius) metrics of 
AdS5 and S^: 

{ds'^)AdSs = G^^f^\x)dx'^dx'' = - cosh^ p dt^ + dp^ + sinh^ p dfl^ , (2.6) 

dfls = dl3l + cos^ /3i( dl3l + cos^ P2 d(3i) , P3 = (p . 
{ds^)s^=G'£!l{y)dy^'dy''' =dijl + cos^M di^l + cos" ^2 dQ'^) , (2.7) 
(iOg = dtpl + cos^ tp3 {dtpl + cos^ tp4 d^l) , tp^ = . 

^ In the special "5+5" representation of the F-matrices used in one can write Da9^ = 

iS"Da - \t"~Qa)e-', ~Qa = T pElj + zF^/E^. 

^ The full form of the GS string action in AdS^ x was explicitly written down in the 

Poincare coordinates of AdS^ . 
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3. Classical solution for rotating string in AdS^ x 5"^ 

The classical string solution we shall consider is a direct generalisation of both the 
particle (point-like string) moving with the speed of light along the 99-circle of and 
the solution of describing a closed string rotating in the (p, cj)) plane of AdS^ (this 
solution was originally found in Q, and was discussed also in It is straightforward 

to check that the following rotating and boosted closed string configuration solves the 
classical string equations in AdS^ x space 

t = KT , (f) = UJT , Lp = UT , = COUSt , 

p = p(a) = p(a + 27r) , A = 0(z = l,2), = (s = 1, 2, 3, 4) , (3.1) 

where p is subject to the corresponding second-order equation (prime denotes derivative 
over a) 

p" = {k^ — uj'^) sinh/9 coshp . (3-2) 
The first of the conformal gauge constraints 

G^^f^\x){dox^dox^ + d^x^d^x^) + G^SUy)idoy'^' doy""' + d^y^'d^y^') = , (3.3) 
G(l"^^)(x)aox-^c»ix" + G^Sl'{y)doy'^' diy'^' = , (3-4) 



then says that p(cr) must satisfy the following 1-st order equation (implying ( |3.2| ) for 
P' ^ 0)@ 

p'^ = cosh^ p — up' sinh^ p — . (3.5) 

The periodicity condition on p(cr) is satisfied by considering a folded string configuration. 
In the simplest ("one-fold") case considered in i the interval < a < 27r is split into 
4 segments: for < a < 7r/2 the function p((t) increases from to its maximal value po 
(p'(7r/2) = 0) 

(k^ — z/^) cosh^ Po — iyP — ^'^) sinh^ po = , (3.6) 



^ Other oscillating circular string solutions in AdS space were studied in [16|. 
^ In terms of the coordinate r = tanh | this equation can be interpreted as describing periodic 
motion in the central part of the inverted double-well potential. 

^ Multifold configurations correspond to states with lower spin for given energy. 
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then for 7r/2 < a < tt decreases to zero, etc.B The periodicity thus imphes an extra 
condition on the parameters: 

27r = r da = 4 . (3.7) 

■^'^ y (k^ — cosh^ p — {uj"^ — u"^) sinh^ p 

The corresponding induced 2-d metric on the (r, a) cylinder is conformally-flat 

9ab = GMN{X)daX^'dtX^ = p'\a)r]ab . (3.8) 

Its curvature 

R^^^ = -p~^dl lnp'2 = -2 + ^ ^ (3.9) 

P 

has singularities on the lines a = n/2 and a = 37r/2, i.e. at the turning points where 

p' - o.i 

When z/ = 0, i.e. when the rotation is only in AdS^^ space, this is the case considered 
in [^^. If instead we choose w = 0, then to satisfy the periodicity condition we must set 
P = Po = const, but then ( p.2| ) implies that one should put po = 0. i Thus we get a string 
shrunk to a point, placed at the center of AdS^ and rotating along the circle in 5"^ with 
the speed of light ||,|]. 

Another special case is when k = ±uj: this leads to p" = and p'^ = — z/^=const. 
To have a continuous periodic p{a) we need to demand k, = ±jy, i.e. p = po=const. This 
case is equivalent to p = and = 0, k = ±u by a coordinate transformation in AdS^ (a 
combination of SO{l, 1) and SO{2) rotation). 



^ In flat space ds^ = —dt^ + dp^ + p^dcj)^ + ... the corresponding rotating string solution (with 
= 0) is described by t = kt, (j) = lot , p = po \ smuja\, po = ^, so that p{a) = p{a + 27r) implies 
that Lo must be an integer (=1 in the one- fold case). The modulus accounts for the fact that p 
must be positive. An apparent singularity at a = (i.e. p = 0) is simply a coordinate one: the 
solution has the standard regular form when written in the cartesian coordinates in the 2-plane: 
xi = p cos (f) = Po sin uja cos ut, X2 = p sin (f) = po sin toa sin ut. 

^ The induced metric written in terms of p and r as the coordinates is ds^ = —f{p)dT^ + dp^ 
where J = p = k cosh p — uj sinh p — v . The turning points are thus singularities coinciding 
with the horizons. For a general discussion of folded classical string solutions in curved D > 2 



space and related references see [I7|. 



A possible alternative is not to impose periodicity in a and consider instead an open string 
stretched all the way to the boundary of AdSs . 
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Since the solution depends only on the two combinations — and uP' — ^ the 
analysis of its properties is very similar to the one in [Q. Introducing the parameter 77 

coth^ po = ~ = 1 + ?7 , ?7>0, (3.10) 

it is not difficult to see that solutions with finite energy exist if (we choose k.uj.v to be 
positive) 

K > u , UJ > u . (3-11) 

As in PI the three conserved momenta conjugate to t, (j), ip are the space-time energy E 
and the two angular momenta S and J: 

E = Pt = y/XK [ — cosh^ p = y/X£ , (3.12) 

Jo 27r 

S = P^ = ^f\oj f — sinh^ p=^f\S , (3.13) 

Jo 27r 

J = p ^^jy ^ =y^jy _ (3.14) 

Jo 27r 



Note the relation 



S = K + -S, (3.15) 



which together with (|3.7|) may be used to determine the dependence of -E on and J. 

In the full quantum theory 5" and J should take quantized values. In the semiclassical 
approximation we shall consider we shall assume that their values are very large, i.e. that 

and are finite for \/X ^ 1, or, equivalently, that the parameters of the classical 
solution K,uj,v are fixed in the limit of large -\/A . 

Computing the integrals in (|3.7| ) ,( ^?T^ ),( |3.13| ) (using da = p'~^dp and ( |3.5|) ) we find 

11. 1 



_; 1; __J , (3.16) 

K 1 p / 1 1 1\ e_ ^ 1 77 /I 3 1 

(3.17) 

Let us now follow and consider the limits of "short" (po ~^ 0, i.e. rj 00) and 
"long" (po cxD, i.e. 77 — > 0) strings. 



3.1. Short string 

For ?7 ^ 1 we get from ( p.l6|) and ( p.lO|) 



^2 ^ jy2 ^ 1 ^ cc;^ f« + 1 ^ + 1 + - . (3.18) 

Taking into account that — ~ 1, an approximate solution describing a short rotating 
string has p{a) satisfying 

sinh^ p — siv? a . (3.19) 

Eq.( p.l7|) imphes 



1 2S 

- ^ , < 1 , i.e. 45^ < 1 + z/2 . (3.20) 

Eg. ( p. 15]) then determines the dependence of the energy E on the angular momenta J = 
a/a I' and 5" = S 



VT+^ ^ 1 + zy2 + 



^^+^ S . (3.21) 



2S 



This relation is valid for any u and S satisfying ( |3.2U[ ). Further simplification depends on 
a particular value of z/. If u is small, i.e. z/ <^ 1 then 5^1 and ( |3.21| ) becomes 



£ ^ ^25 + ... + ... , i.e. ^ + 2VXS + ... . (3.22) 

This expression has a simple interpretation. The limit of short strings probes small- 
curvature region of AdS^ where p ~ 0, i.e. the second term in the r.h.s. of ( |3.15| ) and 
thus the second square root in (|3.21|) should be small, and the energy spectrum should be 



approximately the same as in fiat space. Indeed, ( |3.22| ) is the correct relativistic expression 
for the energy of a string in fiat space moving along a (/9-direction circle with momentum 
u and rotating in a 2-plane with spin S. If the boost energy is smaller than the rotation 
one, i.e. if z/^ ^ 5, then we are back to the fiat-space Regge trajectory [|^: 

, Zy2 

S^V2S+ — =. (3.23) 
2V2S 



A more interesting case is that of large u ^ 1. Then from ( p.20|) u ^ 2S, and thus ( |3.21J ) 
becomes 

c \ c 

S^i^ + S + ^ + ... , i.e. E^J + S+^ + ... . (3.24) 



Remarkably, this expression can be directly related to the leading quantum term in the 
spectrum of strings in AdS^ x in the frame boosted to the speed of light along the 
ifi-civde of 5^ §: 

n= — 00 ^ 



Here J = \[\v is the quantum value of the momentum and stands for the oscillator 



occupation number of a particular state (see [jTT| for detailed expressions; see also section 4 
below) . Let us first recall that in the flat-space string theory the state with a large angular 
momentum on the leading Regge trajectory can be described either by expanding near a 
classical rotating string configuration or by expanding near a point-like string vacuum state 
and building up the angular momentum out of quantum oscillator modes (the semiclassical 
configuration with large angular momentum will then be represented by the corresponding 
coherent state e^"i|0 >). In the light-cone frame where P~ = — ^jT^Xln VA^-n the 
leading Regge trajectory P~ ~ S will be represented by states (a|)'^|0 > for which n = 
1, Ni = S. 

In exactly the same fashion, the classical energy (|3.24| ) of rotated string in the frame 
boosted along the direction transverse to the rotation plane is correctly captured by the 
quantum spectrum ( |3.25|) of string oscillations in the 5'^-boosted frame: applying ( |3.25| ) 
to the oscillator state with n = l, Ni = S {1 S J) and expanding in large J one 
reproduces ( |3.24| ). 

Note that the term linear in S in ( 3.24 ) comes from the second term in ( 3.15| ) and 
( p.21|) , i.e. its presence is due to the curvature of AdS^ . Indeed, this term is reproduced 
by the first term ("1") under the square root in (|3.25|) (related to the mass term of the 
light-cone string coordinates in the plane wave background [ p!0| ) whose origin can be traced 



to the curvature of the AdS^ background 



This observation supports the suggestion of that parts of semiclassical AdS^ x 
string spectrum can be captured by expanding near different classical string solutions. 
We see that there is an overlap between the leading-order (large -\/A ) quantum spectrum 
obtained by expanding near S'^-boosted point-like string state with no rotation in AdS^ 
and a classical spectrum obtained by expanding near a highly boosted and rotating string 
solution. 
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3.2. Long string 

For long strings for which the maximal value po of p{a) is large, i.e. ^ 1 we get 
from (^ ), (|3l0| ) and ( p7|) 

^2 ^ + i-ln^ 1 , + \{l + r])ln^- , (3.26) 

r] r] 

S « 4^ . (3.27) 
r/m - 

We learn that for long strings the spin is always large, 5^1, irrespective of the value of 
u. Here there is no simple relation between S and S for general u (cf. ( |3.21| )) so we need 
to consider special cases. 

In the case of small u, i.e. ^ In ( p.27| ) implies that 

-^^S, (3.28) 
ry 2 

and using the relation ( p.l5|) , we obtain the energy 

S^S + -lnS + ^ , i.e. E^S + y^ln^ + ^"^^ . (3.29) 
TT 21n5 TV 2yAln^ 

We have kept only the first In S -correction and the leading term in . The first two terms 
in ( 3.29|) are the ones obtained in ^ where v was equal to zero.i 

In the opposite case of large u, i.e. u ^ we find from ( |3.27| ),( p^26D 

77ln - ^ ^ . (3.30) 

Since ry -C 1, this implies that u <ti S. The leading asymptotics for the solution of the 
equation ( p.30|) for rj is 

1 S 

In - ^ In - . (3.31) 

1] V 



Using (|3.15|) , we then find that the energy in this case of In ^ ^ z/ ^ 5 is given by 

E^S^v^ -V In^ - , i.e. E ^ 5 + J + -^7 In' % . (3.32) 



^ Note that using the relation ( |3.15| ) to find the energy as a function of spin it is sufficient to 
determine only the leading 5-dependence of r/. 
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In contrast to the large v limit of the short string case ( |3.24| ) here the third correction term 
is not related to the "plane- wave" spectrum ( |3.25| ). This is not surprising since there one 
considered the limit of large boost and small string oscillations, while in the long-string 
case the spin is always larger than the boost parameter v. 

Compared to the small boost v case (|3.29|) the energy E in ( |3.32|) no longer has a 
characteristic large-spin In 5 term found in 0. In general, E-{S^ v) contains h{y) In 5 term 
with coefficient function such that k{v < 1) ^ ^ (cf. (|]29D) and /c(z/ > 1) ^ ^ ^ 
(cf. ( p.32|) ). Eq. (|3.32|) predicts the presence of the In^ j term in the strong-coupling 
asymptotics of the anomalous dimension of the gauge-theory operators with large spin and 
large i?-charge . It would be very interesting to see if the In S term [Q] in the anomalous 
dimensions of the corresponding = 4 SYM operators with large R-charge is suppressed 
also at weak 't Hooft coupling. 



4. 1-loop approximation: boost in S"^ 

Our aim is to compute the leading quantum corrections to the energy spectrum by 
expanding the action to quadratic order in fluctuations near the classical solution. In flat 
space, where the action is gaussian in the conformal gauge, this would effectively account 
for the full string spectrum of states, irrespective of a particular classical solution one 
starts with. In the present non-linear sigma model case this will be a good approximation 
to the string spectrum only up to -^ = ^ corrections.0 

In this section we shall consider the case of rotation in only, i.e. the solution ( |3.1J ) 
with = 0, V = p = 0, reproducing the "plane-wave" string oscillator spectrum of 
by an explicit version of the argument suggested in 0. We shall use the AdS-r^ x string 
sigma model action in the conformal gauge. Given the solution 

t = ^ = yr^ p = 0, /3z = (/ = 1,2,3) , = (s = 1, 2, 3, 4) , (4.1) 

we will expand the action and the constraints up to quadratic order in fluctuations. 

Since the point p = is special with regard to small fluctuations along S'^ directions 
in AdS^ (the corresponding tangent-space metric is degenerate)^ it is useful to replace 

As usual, the semiclassical expansion will be well-defined if the parameters of the classical 
solution (k, w, i^, ...) are fixed in the limit — > 0. 

This is the same as starting with the model L = {d p)^ + p'^ {d(f)^ and trying to do semiclassical 
expansion near the point p = 0. 
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{p, by 4 cartesian coordinates rjk {k = 1,2,3,4) and then consider their fluctuations. 
Equivalently, we may start with the AdS^ metric (|2.6|) written in the coordinates 



[l + r 



2\2 



[1 — r 



2^2 



dr + 



(1 -r2)2 

and then expand ( |2.1|) near ry^ = 0, i.e. 



(1 + ,.2 , dr]kdr]k 



(4.2) 



t = z/r + j^t , r]k = jTjiVk , ip = iyT+ j^ip , ips = jr/ii^s 
This leads to the following bosonic action for the quadratic fluctuations: 



(4.3) 



1 



This is the same action that is found by expanding the string action in the plane wave 
background of |l^ 



to quadratic order near the following classical solution 

x+ = p+r , a;~ = , ryfc = , = , = ± t , p"*" = 2z^ . (4.6) 

Starting with the action ([4.5| ) (supplemented with fermions (|2.3|) to preserve conformal in- 
variance at the quantum level) one may then flnd the corresponding spectrum by imposing 
the quantum light- cone gauge condition 



a;"*" = , i.e. 



+ t = . 



(4.7) 



The same is effectively possible (to the leading order in expansion) also in the present 
case, even though the full non-linear action (2J.) does not allow one to flx the light-cone 
gauge in its standard form. The resulting light-cone gauge action is then simply that of 8 



massive 2-d flelds as in the case of ( [4.5| ) in the light-cone gauge |jTC 
r(2) . 



The relevant quadratic part of the fermionic action ( p.3|) also takes a simple form (the 
only non- vanishing daX^^ factors in ( p.4|) are d^t = d^ip = p) and becomes the same as 
in [|10[ if we choose the light-cone kappa-symmetry gauge V^6^ = (see and section 
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5.3 below). As a result, the quadratic fluctuation part of the superstring action expanded 
near the solution ( [4.1| ) takes indeed the same form as the full GS action in the maximally 
supersymmetric plane wave background. Therefore, its spectrum (to the leading order in 
-^) is the same as found in []TI|,0|. 

In more detail, the action ( |4.4| ) should be supplemented by the conformal gauge con- 
straints (p.3|),(p^) which, expanded to quadratic order in the fluctuations, take the form 



+ dox-^dox- + dix-^dix- + O(^) + ... = , (4.9) 

2\^'^i^dix- +dQflkdifik+doi;sdi^s + ^aox+ai^- + ^aix+ao£- +0(^) + ... = , (4.10) 

where dots stand for the fermionic contributions. As usual, one may either impose the 
constraints on states "on average" or impose a proper gauge condition (light-cone gauge in 
the present case) , directly solve constraints and quantise the remaining degrees of freedom. 
Both approaches lead to the same expression for the physical spectrum, but the second is 
more direct in the present case. Here we should solve constraints perturbatively in large 
A, so that we learn that daX~ ~ 0; that means that quadratic terms in dx^ in (4.9), (|4.10 ) 



and in the action can be omitted to the leading order. Since x~ is "conjugate" to x"*" in 
the action ([4.4|), this is essentially equivalent to imposing the quantum light-cone gauge 
(^77|). We thus find the expressions for 9ox~ and dix~ in terms of 8 fiuctuations fjkji/Js- 

To find the correction to the space-time energy conjugate to the time coordinate t we 
note that to second order in fiuctuations the relations for Pf and are (cf. ( |3.12[ ) and 

E = Pt = r ^ {^fXv + X''^d^t + + ...) , (4.11) 
Jo 



Jo 



^-z/^2^...) . (4.12) 



Dots stand for fermionic and higher order terms. Taking their difference and using the 
constraint (|4.9| ) to eliminate the do{t — 'f>) in terms of the transverse oscillators we find that 
the extra terms in ( [4.11|) , ( [4.12| ) effectively change the sign of the fjk and i/'s mass terms in 
the constraint (|4.9| ) written in the form J dadox~ = ... . The end result is that -E — J is 
given by the expectation value of the transverse Hamiltonian (see also Appendix). This 
is the same expression as found by directly applying the quantum light-cone gauge ([4.7|), 
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giving the expectation value of —P = E — J in terms of the eigen- values of the "light-cone 
" Hamiltonian, i.e. equivalent (once the fermions are included) to the one ( |3.25[ ) in @,|TT 



E-J = - Yl V^^^N^ + 0^-7^)= E + + ^^TT^ ■ ^^-^^^ 

n= — 00 ^ n= — oo ^ 

Here A^^ stands for the occupation number of the 8 sets of the bosonic and fermionic 
oscillators in the corresponding oscillator string state. Note that this expression is valid 
only to the leading order in expansion in that is why one is able to replace the 

tree-level value of the momentum v in the first equality in (f4.13| ) by the exact expression 

J 
Vx ■ 

To clarify the meaning of ( |4.13D let us first note that we are considering a sector 
of string states with given (quantized) value of the expectation value of the quantum 
momentum operator J, i.e. for any state in this sector 

(*| J|^') = J = Jo = VXu. (4.14) 

This should be true, in particular, for the ground state |0) containing no transverse oscil- 
lations. An apparent contradiction with the presence of corrections in ( [4.12| ) is resolved 



by noting that |0) will, in general, be different from the transverse oscillator vacuum state 

by terms of order O(^), i.e. |0) = |0)o + ^|0)i + so that o(0|J|0)o = '^0 + 7^ + 

Then eq. ( [4.13| ) gives the energies of the string states with J = Jq which are "close" to 
the "ground state" with E = J. The energy of the ground state (which is a BPS state) 
does not receive a 1-loop correction: the vacuum energy contributions of the bosonic and 
fermionic oscillators cancel out because of the effective 2-d supersymmetry []Ty,|^,^. 

To compute the 0{-^^) term in ( [1.13|) one is to go beyond the leading quadratic 



approximation. This gives a non-linear action containing quartic and higher terms in 
t, i/'s, r^fc (its explicit form follows from the metric of ( p.6| ) and the metric of AdS^ 
( ^72|) ). To quartic order in the fields 



- (1 + ^^vDdJd'i + i^'ifjl + i 

4 

+ il + ^JDda^d'^^ + A^l + ^,il^t + E 

l=s<s' 

5 i-1 

+ (1 + l^4)daVnd''fjn + " ^J2^l)^a^^^^^''i^. 



i=l k=l 



(4.15) 
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Here we may again proceed with solving the corresponding conformal-gauge constraints 
perturbatively in This will be effectively equivalent to imposing the light-cone gauge 
at lower order in A, i.e. to "deforming" the gauge condition = p+r + O(^). One 
would also need to take into account the quartic fermionic terms in ( |2.3[ ). 

It is possible to determine the general structure of higher-order string sigma model 
loop (a' ~ ■^) corrections to the energy relation (|4.13[ ).E1 Using that the sigma-model 
action (|2.1| ) expanded near the classical solution ( |4.1| ) should contain only two derivatives 
or two powers of f in all interaction terms (cf. ( |4.15D ) and should lead to UV finite 
quantum 2-d effective action one concludes that Z-loop correction to the space-time energy 
of a particular oscillator string state with quantum numbers ni should have the structure 
{/^E)i = l{AE2-d)i = (^7i^)'"^Fi(^;ni). The function Fi should vanish for n, = 
(the ground state energy should not receive corrections on the basis of supersymmetry) 
and should have a regular expansion in positive powers of approaching a constant for 
^ oo. Expressed in terms of J = this gives: {AE)i = -jy^Fi{-j2; rii), with Fi 

having power series expansion in (cf. ( |4.13| ) for / = 1). Thus, in the large J sector one 
is able to re-interpret the string a' ~ expansion as expansion in positive powers of jj, 
opening an interesting possibility of direct comparison with perturbative computations of 
anomalous dimensions of corresponding operators with large R-change on the SYM side. 



5. 1-loop approximation: rotation in AdS^ and boost in 

We would like now to repeat the analysis of the previous section in the case of a more 
general solution (|3.1|), including rotation in AdS^ . The goal is to determine the quantum 
string spectrum at the leading order in large V^. We shall expand the string action near 
the background ( |3.1|) as in (f4.3|): 

t = KT + ^i, p = p{a) + , (p = UJT+ , ip = i^T+^ip, 

A = 1^A (i = l,2), i;, = ^i;, (s = 1,2,3,4). (5.1) 

As in the previous section, one possible strategy is to use the conformal gauge and expand 
the action and the constraints to the second order in the fluctuations, solve the constraints 
perturbatively in express the energy E in terms of the quantum fields and then 

compute the leading-order quantum term in the spectrum. 

We are grateful to D. Berenstein and I. Klebanov for important discussions of this issue. 
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As we shall see below, this conformal gauge approach turns out to be more complicated 
than in the pure boost case: in contrast to the discussion in the previous section where 
the two fluctuation flelds (t, (f) effectively decoupled (cf. (|4.4|) ), here t will mix non-trivially 
with (p and p. Also, the masses of the flelds will depend on a, making it hard to flnd the 
spectrum exactly. A study of the resulting 1-loop correction to the energy spectrum will 
be the subject of section 6. 

An a priori possible alternative to the conformal gauge approach is to start with 
the Nambu action in the static gauge, i.e. to consider only fluctuations normal to the 
embedded 2-d surface. However, this approach turns out to be problematic in the present 
case where the induced metric ( |3.8| ) has singularities. While the resulting action for small 
fluctuations is somewhat simpler than the conformal gauge action, one of the mass terms 
contains a 2-d curvature part and thus is singular at the turning points. In addition, the 
resulting bosonic+fermionic action does not appear to be flnite: like in the case of the 1- 
loop correction to the Wilson loop [0,^] the 2-d logarithmic divergences do not manifestly 
cancel out, implying a subtlety ^ in the deflnition of the quantum measure in the approach 
based directly on the Nambu action. As we shall see, problem can be avoided P] in the 
Polyakov approach to GS string in the conformal gauge: since the conformal anomaly 
cancels out in the flat 10-d space, one may trade the conformally-flat induced metric for 
a flat background metric on the cylinder (r, a) . Then the 2-d ghosts decouple, all masses 
are regular for all values of a and the flniteness of the 2-d quantum theory deflned by the 
quadratic fluctuation action becomes manifest.lil 

Below we shall start with computing the bosonic part of the action, both in the 
static gauge and in the conformal gauge, and then determine the corresponding quadratic 
fermionic term. 

5.1. Bosons: static gauge 

Let us start with the Nambu action and impose the static gauge on i, p, i.e. set their 
fluctuations to zero: 

t = 0, p = 0. (5.2) 

The form of the resulting action for small fluctuations is then a special case of the general 
expression for a semiclassical expansion of the string action in AdS^ x (see [p!8|,[7[p|). 

This is a consequence of a mass-squared sum rule which itself is a consequence of the effective 
2-d supersymmetry (spontaneously broken by the classical background). 
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For u = one finds one "transverse" scalar field fiuctuation cp with a non-trivial 2-d 
curvature dependent mass term, 2 massive fiuctuations in the two other directions of 
and 5 massless fiuctuations 

+ g'^^'da^.d,^,] , (5.3) 

where Qab is the induced metric ( |3.8| ) and i?*-^-* is its curvature (|3.9|). The fields (j) and /?j 
are related to 4> and (3i in (|5.1| ) by a p-dependent rescaling needed to put the kinetic terms 
in the canonical form. In more detail, expanding the square root of the Nambu action we 
get the following term depending on (j): 

m = -P" + \ sinh^P (1 + ^^^^^W,~^f - {d,~^f] + 0{^') , (5.4) 

where p' is given by ( ^.5| ). After the field redefinition that puts the kinetic term in the 
canonical form 

- _ sinh p 2 



1 - ^ tanh^ p 



(5.5) 



we get the (p part of ( p.3| ). Explicitly, using that the induced metric is conformally fiat 
( ^73|) can be written as 



r(2) 



where (using (|3.9| )) 



ml = v/^(4 + ^ 2p'2 + ^ , (5.7) 



ml = 2p'2 = 2[(k2 - u^) cosh^ p + w^] ■ (5.8) 

As we shall see below in section 5.3, for u = the contribution of the GS fermions can be 
effectively represented by 8 copies of 2-d Majorana fermions with masses ±1 defined on the 
2-d surface with induced metric, i.e. with the same squared Dirac operator — + jR^"^"^ + 1 
as in MM (V is the covariant derivative in the induced metric). As in the Wilson loop case 



The same expression for the quadratic-fluctuation action is found by expanding not in (f>, but 
in the direction C = p'^^ (cj tanhp 9 + Kcoth0) normal to the embedded 2-d surface. 
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considered in M , the logarithmic divergences coming from the fermionic part of the action 



wiU not then cancel against the divergences corresponding to the 2-d bosonic theory ( |5.6| ) 



b2^Yl ^(^d, - ml) = v^[^(l + 2 + 5) - (4 + R(^^ +2x2)]. (5.9) 

k 

As discussed in p , the remaining divergence ~ R^'^^ should be cancelled out by a measure 
contribution needed to make the Nambu string partition function equivalent to the parti- 
tion function in the Polyakov approach (with the induced metric used as the background 
one). 

There is also another apparent problem related with the presence of that i?*-^-* term 
in the mass ( |5.7p : this term blows up at the turning points, while all other masses go 
there to zero.lll Both problems can be avoided by starting with the Polyakov action in the 
conformal gauge where (due to cancellation of conformal anomaly) one is able to choose 
the background metric on the cylinder to be flat, making all masses regular at the folding 
points. 

Let us mention that for non-zero u the action (|5.3| ) becomes more complicated: the 
fluctuations (p and mix in a non-trivial way. This mixing will be absent in the conformal 
gauge where the AdS^ and 5"^ parts of the bosonic action are decoupled (but it will reappear 
if one would try to solve the constraints and use their solution in the action). 

5.2. Bosons: conformal gauge 

Let us now present the expression for the quadratic fluctuation action in the conformal 
gauge. Expanding the sigma model as in ( |4.3D ,(pTT|) gives the following bosonic action for 
the quadratic fluctuations (cf. ([4.4|) ) 

/g^ = -— [ (f^ \- cosh^ p daidH+ sinh^ p da^d"^ + 2 sinh2p p{Kdoi - udo4>) 
Atx J 

+ dapd^p + {k^ - u"") cosh2p p" + sinh^ p (9^/3,9" A + ) 

The linearised (leading-order in ^) part of the conformal-gauge constraints ( |3.3| ),( |3l^ 
corresponding to the action ( p.lO|) has the form (cf. (^^ ) ,( ^rTO|) ) 

— Kcosh^ pdoi -f u sinh^ p9o(^ -|- vd^if) -\- p'dip + ^(w^ — k^) sinh2pp , (5.11) 



The vanishing of masses at the turning points is an expected behaviour as the fold points 
should move with velocity of light. 
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—Kcosh^pdit + uj sinh^ pdi(f) + vdi^p + p'd^p ^ . (5-12) 

Using these constraints to eliminate one of the fluctuation fields, e.g., t (cf. x~ in 
( [4.9|) ,( ^?T0|) ) from the action ( 5.10|) , one should discover that some linear combination 



of the remaining fields (cf. x'^ in ( [4.4| )) then decouples from the action (it should then 
be formally gauge-fixed to zero to avoid degeneracy of the path integral). The resulting 
action for the 8 "transverse" bosonic fiuctuation fields should be (classically) equivalent to 
the static-gauge action (p. 61). 

Redefining the fields to put the kinetic terms in the standard form 

i = coshp t , (j) = sinhp cj) , A = sinhp (3i , p = p , (5.13) 

transforms ( |5.10| ) into 

4'^ =/l(t,(^,p)-f/2(A,<^,V^s) , 

/i = y c^'^ [ - djd'^t - p^,P + da^d'^^ + pI^^ 

+ 4p{K sinh p dot- UJ cosh p do(})) +dapd''p + pIp"^] , (5.14) 

/2 = y rf'^ [^aP^^''P^ + ml^f + da^d''^ + C>„V^,C>>, + U^^^] , (5.15) 

where (using (|3.5[ ) and (|3.2|)) 



^2 = p'2 ^ ^^^^Y^p p" ^ 2p'2 _ ^2 ^ ^ ^2 ^ p'2 ^ ^^^^ ^ ^// ^ 2p'^ _ ^^2 ^ ^2 ^ ^^^^^g^, 

pI = (k^ - u^) cosh 2p = 2p'2 _ ^2 _ ^2 ^ 2z/2 ^ ^2 ^ 2p'2 ^ _ 



The non-constant part of all masses is thus the same and is equal to 2p'2 (cf. ( |5.6| )). 

While in the case of the pure boost in 5"^ the small fiuctuation operators had constant 
coefficients (cf. ( [1.4|) ), here we have a non-trivial dependence on a through the classical so- 
lution p(cr). This is very similar to the case of the 1-loop expansion near the classical 
string profile appearing in the Wilson loop calculations. The system splits into three 
non-trivially coupled fiuctuations of the effective AdS^ sector, two massive fiuctuations in 
5""^ and one massless and 4 massive fiuctuations in 5"^. 

The action ( |5.14[ ) can be obtained in a more geometrical way as a special case of the 
general semiclassical expansion of the AdS^ x 5"^ sigma model in terms of tangent-space 
fiuctuations [Q. Expanding the string sigma model action (|2.1| ) about a classical solution 
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Xg^ + , and introducing the tangent-space components of the fluctuation flelds 
z"^ = E^{xq)z^ ^ we get the foUowing action for the quadratic fluctuations 

4'^ = / ^'^v^ (r7Ai?^?"'D„^^Db^^ + Xabz'^z'') , (5.18) 

Xab - -g'^^'e^el^RABCD , = daX^ EU^o) ■ (5.19) 

Da is the covariant derivative containing the projection of the target space spin connection, 

B^z^ = daz^ + wt^'z^ , = daX^u^tP , (5.20) 



where u^f is the spin connection of the target space AdS^ x 5"^ . The 5"^ part of (|5.18|) is 



the same as in ( |5.15| ), while for the AdS^ part with the curvature Raced = —VabVcd + 
VadVcb we get 

vAB ^ ^ab^C^D^AB ^ab^A^B fKOT^ 



Since the induced metric gab is a conformaUy flat ( |3.8| ) it can be replaced by rjab- Explicitly, 
in the global coordinates in (p.6|) we flnd by expanding near the solution ( p.l|) : z^ = 

(f, p, 4>,[3i) , Eq = coshp , El = 1 , E2 = sinhp , El = sinhp , 



Wq^ = Ksinhp , Wq^ = uj cosh p , = , (5.22) 



Cq = Kcoshp , el = wsinhp , = p' , rjcnV^'^e^e^ = 2p'^ + 



Note that the 2-d 5'0(1,2) "gauge potential" w^^ depends only on p{a) and has a non- 
vanishing fleld strength. The non-trivial "AdS'a" part of the quadratic action ( p.l4| ) is 
then 

I^^-l-J d^^ [{dot + Ksinhp pf - {ditf - {do^ + ucoshp pf + {di^f + 

— {dQp + Ksinhp t — c<;coshp ^)^ -f- (p'^ + z^^)p^ + (dip)'^ 

+ {2p''^ + +(p'^) + {Kcoshpt-ujsmhp (j))'^] . (5.23) 

This is easily seen to be equivalent to ( p.l4|) . Note also that in the case of no rotation in 
AdS^ , i.e. p = 0, a; = 0, k = u the mass of i vanishes while the masses of cp and p become 
equal to in agreement with ( |4.4| ) {fjk in (|4.4| ) corresponds to (f),p,(3i here). 
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In general, the action in conformal gauge should be supplemented by the 2-d ghost 
action @ (a = 0, 1): 

Igh = -^J (VX"V„Ca - ^i^^'^rCo) , (5.24) 

where VaC" = 9aC" +^a^Cp is the 2-d covariant derivative with respect to the background 
2-d metric. In the case when this metric is identified with the induced (conformally flat) 
metric ( p?8| ) we have: Qab = ^a^b''lai3^ — P'^a^ = ^^C^ and lOq^ = ^ , loI^ = 0. Since 
the total conformal anomaly must cancel after the fermions are included (see discussion in 
1]^), we may choose the background metric on the 2-cylinder (which is used to define the 
norms and operators in the conformal gauge) to be not the induced but simply the fiat 
metric. This is quite natural, given the singularity of the induced metric. Then the ghost 
contribution becomes trivial and can be ignored, and we are left with a system of fields on 
a fiat cylinder with non-constant (but everywhere regular) masses. 

The resulting contribution of the fields in ( p.23| ) to the 2-d logarithmic divergences is 
then proportional to the trace of their mass matrix (cf. {f 



The total contribution of the bosonic fiuctuations t, (j), p, f3i, 99, if^k 

62 = -v'^^Xab = -2(2p'2 + 1,2^) _ 2 X (2p'2 + _ 4j,2 ^ _g(^/2 ^ ^5 25) 

will be exactly cancelled by the contribution of the fermions, checking the conformal in- 
variance of the theory. Ill 

Let us comment on some special cases. When 1/ = and uj ^ k the range of variation 
of p is small and we should be back to the fiat space case, i.e. the fiuctuations should 
diagonalize and become massless. For p —>■ 0, uj ^ k (|5.14|) can be written as 



(5.26) 



For gab chosen to be the induced metric, the contributions of the two ghosts to the partition 
function should effectively cancel the contributions of the two "longitudinal" fluctuations (combi- 
nations of t and p) leading to the same final result as in the static gauge. In particular, the extra 
ghost contribution to the mass^ term in the divergences A62 = \/—g{—2 x ^R^^^) reproduces the 

term in ( ^.91) (see [^). Since the ghost contribution can be ignored in the case of the flat 
choice of the fiducial metric, this suggests that the correct prescription for quantisation in the 
static gauge should be to omit the i?^^^ term in the mass of in (5.7) and define the norms of the 
fields using flat metric on the cylinder. 
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This should be same as the action obtained by starting with the metric ds"^ = ~dt^ + 
dp^ + p^dcj)^ and repeating the expansion near t = kt, = wr, p'^ = — u'^p^ solution. 
Indeed, after the redefinitionS rji = cos cur p — p sin cur (f) = cos cur p — sin cur (p, 772 = 
sin cur p + p cos cur (p = sin cur p + cos cur we get the massless Lagrangian ~ (drji)'^. 

Next, let us check that the expansion near the point-like solution with p' = 0, p = po, 
K = u = u (particle located at radius po and rotating in both 5"^ and 5""^) is indeed 
equivalent to the expansion near the solution with k = z^, cu = 0, p = 0. Here ( |5.14| ) 
becomes 

I^(t,^,p) = -— [ d^i \ - daWH+da^d'' ^ -4Kdop( sinh pt -cosh p^)+dapd''p\ . (5.27) 
Att J -' 

Applying first the S'0(1, 1) rotation (j) = cosh p (j) — sinh p t, i = cosh p t — sinh p and 
then the above SO{2) rotation in the rji = {p,(p) plane we end up with the Lagrangian 
—datd°'t + daTiid°"rii + z^^?7f , which is in agreement with p. 8]). 



5.3. Fermions 

The derivation of the quadratic fermionic action from (|2.3| ) is similar to the one in 
The 2-d projections of F- matrices that enter the fermionic action are (the indices 

A = 0,1,2,9 are used to label the t,p,(j),(p directions in the tangent space):lll Qa — 

e-^E^{xo)daX^TA = t^T^, e« = p'-'5^, or explicitly (a = 0, i) 

^5 = p'"^(k cosh p To +w sinh p r2 + z^Fg) , ^| = Fi , g{aQp) = Vc,p ■ (5.28) 

Let us first consider the more transparent case of = 0. As in one can make a local 
5*0(1, 9) rotation which transforms the set of a-dependent 10-d Dirac matrices into 10 con- 
stant Dirac matrices, Qaicr) = ta^A = S{a)TctS~^{a), Qu{cr) = u^Ta = S{a)TuS~^{a) . 
One is then able to write the quadratic part of the GS action ( p.3|) as an action for a set 



This effectively amounts to going back to cartesian coordinates xi = pcoscj), X2 = psincj) 
and then expanding near classical background. 

Considering the {t,p,(f>,(p) subspace we may introduce the two tangent t^^ = e^daXQ^ 
and 2 normal vectors to the embedded world sheet, GMNtat^ = Vap, GMNta^n^ = 
0, GMNfi^^ = Suv {M = 0,1,2,9 counts the directions t,p,(p,ip). Then we find that 
t¥ = p'-^{k,0,uj,u), tf = (0,1,0,0), and nf = 7"^(a; tanhp, 0, k cothp, 0), n^'' = 
p'-1(7-Vk,0,7-Vcj,7), 7^ = p'2 + i.2 _ 
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of 2-d Dirac fermions coupled to curved induced 2-d metric. Explicitly, in the present case 
we observe that (see (^.51)) 



= coshct To + sinhct r2 , (5.29) 
K cosh p da 



cosha = , — = — = y uj"^ cosh a — k'^ sinh a , (5.30) 

V cosh p — uj"^ sinh p da p 

so that the required transformation is a boost in the (t, (f)) plane: 

S = exp(^aror2) . (5.31) 
After the field redefinition 9^ -> = S'^O^ , we then find that ft!.3|),fL!.5|) becomes 



Lf = tiV^g'^'S" - e'^'s'^) i^TaVb^'' - ^ze^^^'V^r.r,^'^) , (5.32) 
where Ta play the role of the curved space 2-d Dirac matrices 

Ta = e^Fc, = p'S^Fa , To = S~^goS = p'Tq , n = S~^giS = pTi , (5.33) 
and Va is the 2-d curved space spinor covariant derivative for the induced metric Qab = 

P'^Vab, 

v„ = a„ + lufr^fs , Vo = ao + J 4^01 , Vi = ai . (5.34) 



In more detail, the result of applying the rotation ( |5.31| ) to the covariant derivative 



da + ^uj^^TAB indpD, i.e 



Do = f^o — 7^ri(^sinhp To + wcoshp r2) , Di = 9i , (5.35) 

isI)a = S-^DaS = Va + Ba, Ba = ^T2 (Fi , -Fq) , but siuce Ty^^F^S^ = 0, e-^r,S^ = 
0, the extra connection term cancels out in the rotated fermionic action ( ^.3| ) and we are 
left with the same result (|532D as in One can then fix the kappa-symmetry gauge by 



imposing, e.g., = thus ending up with a similar action as in 



Lf = 2zV^ ( *r"Va* + i-^M^ \ , (5.36) 



M = ^TaT.n = rsT, = zr234 , rs = ^TaU = ToT^ , M2 = 1 . (5.37) 

Choosing a representation for Fa such that Fq,! are essentially 2-d Dirac matrices times 
a unit 8x8 matrix and is diagonal, we end up with 8 species of massive 2-d Majorana 
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fermions on a 2-d surface with a curved metric equal to the induced metric with a "(T3" 
mass term. The square of the resulting fermionic operator = — + jR^"^"^ + 1 is the 
same as for a 2-d fermion with unit mass (cf. (|5.3| )). Furthermore, since the induced 2-d 
metric is conformally flat, and the total conformal anomaly must cancel out one is able 
to rescale the fermions by (— fi*)^^^ = p'^^^, transforming their kinetic term into a flat-space 
Dirac form. We then get 4-1-4 flat-space 2-d Majorana fermions with cr-dependent masses 
mp = ±p' (cf. (CT)). 

Let us now include the i^-dependence. First, in the case of no rotation in AdS^ , i.e. 
the background (Q (p = 0, k = 1^) we get in (^),(^): ^0 = '^(ro + Tg), ^1 = 0. It is 
then natural to impose the kappa- symmetry gauge T^9^ = 0, F^ = =i=Fo + Fg. We flnish 
with the following quadratic term in the fermionic part of the action 

LF = ii^{e^T-d+e^ + e^T-d-e^ ~2ue^T-m^) , (5.38) 
n = zF.Fo = F1234 , = 1 . 

This is exactly the same as the full fermionic light-cone GS action [TO,!!!!] in the plane wave 



background of ||T^, which describes 4-1-4 2-d Majorana fermions with mass mp = ±J^. 

When both v and uj are non- vanishing, we may again transform into Fq, by applying 

the two 5'0(1,2) rotations: a boost in (02) plane ( |5.29| ), and a similar boost in the (09) 

plane (cf. ( |Oq )) 

1 1 

S = exp(-aiFoF2) exp(-a2roFg) , (5.39) 

, Kcoshp . i> 

coshofi = — ■^^=^= , smhQ;2 = — . 

+ P 



Here p' is given by (pj), so that ai is as in (HH) and ^ =^;^, ^ =' ^,^'1^,2 



After the flrst boost Qq = y 1 + + ^Tg, while F^, in ( |2.5|) unchanged; after the second 
boost Qct = (Fo,Fi) while 

F^, — » F* = S~^T^S = z(cosha2Fo — sinha2r9)ri234 ■ 

Repeating the same steps as in the discussion of the 1^ = case above, i.e. choosing the 
vffi = vEr2 gauge {'^^ = S~^9^) and Weyl-rescaling the fermions {'^ ) to put the 

kinetic term in the flat-space form we get (cf. (|5.32| ), (|5.36| ),( |5.3'^ )) 



Lf = 2i (^'r"a„^' + zp'^'A^*) , 
24 



(5.40) 



1 



_ -c"^p„f,p^ = cosha2 M = i(J-^^ p'-^^v-^ r234 • (5.41) 
This actionlll describes again a system of 4+4 2-d Majorana fermions with masses 



(5.42) 



incorporating consistently the two special cases = and p' = discussed above. The 
contribution of fermions to the 2-d logarithmic divergences thus cancels out the one of the 



conformal-gauge bosonic fluctuations in (|5.25| ), as required by the conformal invariance of 
the AdS^ X 5"^ string sigma model P,B| . 



6. Quantum correction to energy spectrum of rotating string 

Our aim is to compute the leading (1-loop) corrections to the energy of string ex- 
citations above the rotating string ground state ( |3.1| ). As usual in semiclassical soliton 
quantization, we shall consider a sector of string states for which the expectation values 
for the spin S and the 99-momentum J operators are fixed and equal to their classical 
values 5*0 and Jo in ( |3.13D ,( |i.l2D , i.e. as in ( ^4.14| ) we assume 

(*| J|^') = J = Jo = , i<^!\S\<^!) = S = Sq = V\S . (6.1) 

The expectation value for the ground state energy is shifted from the classical value -Bo 
in ( |3.12| ) by the expectation value of the 2-d Hamiltonian for quadratic fluctuations (see 



(A.8)) ^ 

Evac = Eo + -AE2d , AE2d = (0|^2d|0) . (6.2) 

K 

In contrast to what happened for the BPS state with E = J (A''„|0) = A^n|0)o + ^("^^) ~ 
0{^^) in (|4.13| )) here the 1-loop quantum correction AE will no longer vanish. We shall 



estimate AE for large spin S and J = to the leading order in and will show that, like 
the classical contribution (|3.29| ), it scales as In 5", i.e. there are no stronger In'^ S corrections 
at the first quantum order. This provides support to the conjecture of ^ that the In 5" 
behaviour seen at the string level can be interpolated to weak coupling, i.e. that for large 
S = and J = one has 

E-S^f{X)ln-^ , (6.3) 



Note that after the rescaling of the fermions this action corresponding to the 6^ = (P' gauge 
has a regular limit p' — > that is equivalent to the V^Q^ = action ( ^.38| ). 
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where in the string sigma model loop expansion (the value of ai will be computed below) 

/(-^)a»i = aov^ +ai + (^2-^ + ■■■ , (6.4) 

1 31n2 , , 

ao = - , ai ^ , (6.5) 

TT TT 

while f{X)\<^i = biX + b2X^ + ... should follow from the SYM perturbation theory for the 
anomalous dimension of the corresponding operator (see and refs. there). It is crucial 
for consistency of the proposal of that both string-theory and gauge-theory perturbative 
expansions should not contain terms with higher than first powers of In (which would 
dominate over the leading-order In result) . 

As in the pure-boost case discussed in section 4, starting with ground state one can 
then build up a tower of string oscillator states on top of it. All of them will have the same 
5" and J but different oscillator occupation numbers and thus different quantum energies. 
There will be several sub-sectors of states created by oscillators of different fiuctuation 
fields in the quadratic action. Considering all possible cases will produce a generalization 
of the quantum spectrum ( ^.lij| ) of small string oscillations near the boosted E = J state 
to the case of a non-zero spin. 

In section 5 we have determined the Lagrangian for small fluctuations near the solution 
(p?l|): it is the sum of the bosonic part given in the conformal gauge by ( p.l4|) (or ( p.23| )) 
and (|5.15| ), and the fermionic part given by (|5.40|) . It describes a collection of fields with a- 
dependent mass terms. One should diagonalise the corresponding second-order differential 
operators defined on the cylinder (r, cr), quantise the "oscillator" modes and impose the 
constraints ( p.3|) , ( p.4|) , determining the expression for the energy and the analog of the level 
matching condition. While this was straightforward to do in the case of the 5" = 0, J 7^ 
solution discussed in section 4 where the bosonic (|4.4| ) and fermionic (|5.38| ) parts of the 
action had constant coefficients, this is a complicated task in the AdS^ rotating case, unless 
one makes certain approximations. Below we shall consider the same "short string" and 
"long string" limiting cases of the rotating solution as in sections 3.1 and 3.2. We shall 
also note that since all the fields in the quadratic fiuctuation action (|5 . 14|) , (|5 . 1 5|) , ( F^40|) 
have similar masses, to capture some qualitative features of the string oscillator spectrum 
it is enough to consider the contributions to the energy coming from excitations of one 
scalar field /3i in (|5.15|) (describing fiuctuations in AdS^ 3-sphere directions transverse to 
the rotation plane). 
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6.1. Ground state energy shift 

Let us start with estimating the energy of the rotating solution in the "long string" 
limit. For simplicity, we shall set J (i.e. the boost parameter u) to zero and to avoid 
dealing with "longitudinal" modes consider the bosonic fluctuation action as it follows 
from the Nambu action in the static gauge ( ^.3|) . We shall use that in the "long string" 
limit (?7 ^ 1, ^ 1, see (|3.28|) ) p' is approximately constant and very large {p" in ( W^ ) 
is small since k ~ see ( |3.26|) ). In this case the induced 2-d curvature term R^'^'^ in 
( p.9|) is approximately zero everywhere except a very small interval of a near the turning 
points a = 7r/2 and a = 3tv/2 where p' rapidly approaches zero. As we have discussed 
in section 5, to have manifest conformal invariance (and to maintain equivalence with the 
Polyakov string quantization) one should actually omit this problematic R^"^^ term in ( |5.7| ) 
altogether. Then we flnish with the following system of 2-d flelds deflned on a flat 2-d 
cylinder and having approximately constant masses (see ( |5.6| ),( p7iOD ): 1 scalar with mass 
squared m| = 4p'^, 2 scalars with m| = 2p'^, 5 massless scalars, 8 Majorana fermions 
with nip = p'^. Using (|6.2|) lii we then flnish with the following estimate for the leading 
quantum correction to the classical energy 

oo 

^ - V rVn2 + 4^2 + 2 V?i2 + 2^2 + _ gy^n^ + k'^ ] + O(^) , (6.6) 

K ^ ' ' V A 

n=l 

where we dropped the n = contribution in the 2-d vacuum energy i Xl^-oo I'^^l which 
is subleading at large k and used that (see (|3.5| ),(|5.8|), (|3.26|) ) 

p' ^ K , K ^ -ln5 > 1 . (6.7) 

TV 



2*^ Note that in the static gauge ( ^.2|) {t = kt) the space-time and the 2-d energy are equal, up 
to K-factor. 

Though the masses do change near the turning points, one is able to argue that since the 
change occurs only during a very short interval of a, this does not, for large S, significantly 
influence the spectrum of the Laplace operators. Indeed, in the long string limit the a-dependent 
part of the mass ~ p'^ can be approximated by the sum of two delta-functions located at 
the turning points. The corresponding Schrodinger equation can be solved explicitly, and one 
finds that the leading asymptotics at large k can be estimated by ignoring cr-dependent terms 
in the masses. For constant masses the expression for the quantum correction to the energy 
becomes essentially the same as in section 6.5 in Q. Here we consider the theory on a flat 
cylinder (r, cr), so the individual field contributions to the 2-d vacuum energy are the same as 
in the theory with the kinetic term —d'^+ m^. This is an analog of the 2-d vacuum energy 
(D — 2) Yl'^-i n = [D — 2)<^( — 1) = — ^^'^ in the closed bosonic string case: it vanishes in the 
standard flat-space GS string case when all masses are set to zero. 
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In contrast to the 5'^-boost case (or the "plane- wave" spectrum (f4.13| )) where the 2-d 
vacuum energies canceUed out between 2-d massive bosons and fermions, here the effective 
2-d supersymmetry is spontaneously broken by the classical solution (p' 7^ 0) so that the 
vacuum energy is finite (due to mass-squared sum rule) but is non-zero. 

To obtain the leading term in Ai? at large k we observe that it can be found by 
replacing the convergent sum in ( |6.6| ) by the integral /("■) ~ /]°° dx f{x), where 

f{x) = V x"^ + Ak^ -f 2^/ x"^ + -\- 5v^ — SV -f k^. Computing the integral, we find 
that its asymptotics at large n is given by 

/oo 
dxf{x) ^ -3\n2 + 0{k) . (6.8) 

Taking into account the factor of in ( |6.6| ), we finish with 

AE ^ -^^InS +0(^) , (6.9) 

i.e. with the result for the coefficient ai quoted in ( |6.5|) . The most important conclusion 
is the absence of higher powers of In 5 at the 1-loop order. 

Let us now argue that the same should be true also at higher orders of string inverse 
tension (■^) expansion. Again, the space-time energy shift will be related to the 2-d energy 
by the ^ factor (see (|6.2D), so we need to show that Ai?2d scales at most as for large k ~ 
luiS. The 2-d quantum field theory in question contains a collection of massive fields with 
approximately constant (for large S, i.e. in the long string case) masses and proportional 
to K with interaction terms containing two derivatives or two powers of k (cf. ( |4.15| )). It 
may be modelled by a theory L = V^[(l + -f ...)(9(/))^ -|-m^((^^ -|- ki(j)^ + ■■■)] , m ^ k 
supplemented by fermionic terms that should cancel all UV divergences. The theory is 
defined on the cylinder 0<r<T, < a < 2nL, where T 00 and L is fixed (above we 
had L = 1). Since this theory must be UV finite, dimensional considerations imply that 
the n-loop contribution to the corresponding 2-d effective action vacuum energy should 
scale as Ti = T{AE2d)i = {^=)^~^y'n^'^fi(jnL), where V = TL is the 2-d volume and fi is 
a finite function of dimensionless ratio of the two IR scales.il Since in the infinite volume 
limit L ^ 00 the function fi should approach a finite constant ci, the same should be true 
also for fixed L but for large m, i.e. fi{mL)m-^i ^ ci. As a result, for large m k we get 
(Ai?2d); ~ bin'^. This implies that string corrections to the energy of the rotating string 
solution should produce a non-trivial function /(A) in ( |1.1|) but should keep h{X) = 0. 
Combined with the expected absence of the higher In'^ 5" terms on the gauge theory side 
(see and refs. there) this provides a non-trivial check of the gauge theory - string theory 
correspondence. 

In our case of several fields with different masses / will also contain finite ratios of tlie masses, 
but these will stay constant in the limit of large k. 
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6.2. Massive scalar contribution to the quantum spectrum 

To find the spectrum of excited string states near the rotating and boosted string 
ground state on should study difi'erent sectors of states created by oscillators corresponding 
to different fluctuation flelds in the quadratic action. While in pure-boost case all the 
"transverse" fluctuations were decoupled and had the same constant mass u the situation 
for iS 7^ is, in general, more involved. However, since all the flelds in the quadratic 
fluctuation action ( |5.14D ,( [F.15D ,( |5.40D have similar masses, we may get a qualitative picture 
of the spectrum by looking at few simplest cases. One is a sub-sector of states carrying 
excitations of the scalar fleld (3i in ( ^.15|) with the mass given in ( p.l7|) , i.e. 

= 2p'2 + = 2{k^ - u^) sinh^ p + 2k^ - . (6.10) 

We will estimate the contribution of this fleld to the "excited" part of the energy spectrum 
in the two special limits in the parameter space of the classical solution. As explained 
in Appendix A, the correction to the classical energy is essentially determined by the 2-d 
Hamiltonian associated with the fluctuation Lagrangian. 

Short string case 

Here — ~ 1, 77 ^ 1 and an approximate solution for p{a) is given by ( |3.19| ). Using 
( p.l8| ) and ( p.l9| ) we can rewrite ( |6.10| ) as 

^ -2(^2 - z/2) sin^ a + 2^"^ - ^ u"^ + - cos^ a . (6.11) 

To flnd the spectrum of scalar modes we expand /3(r, a) = J2n bn{T)^n{o') where 

-$:;((7)+m2(a)$„((7)=Z2$^(a) , $,((7) = $^((7 + 27r) . (6.12) 

For large rj the mass (|6.11|) is approximately constant and we are back to the case of 
the standard massive oscillator spectrum. Computing the flrst correction in perturbation 
theory in 1/rj, we get ((cos^ cr) = ^) 

ll^n^ + + - ^n^ + . (6.13) 
V 

Using the proportionality relation between the space-time and the 2-d energy (cf. 
(|0|),(A.8)) we flnd that the scalar (3 contribution to the energy of an excited string state 
is given by (cf. ( fl.l3|) ) 

00 

E^E,,, + - V Vn^ + n^ N^ + 0{-^) , (6.14) 
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where -Evac is the "ground state" energy (~ i?o in ( 3.12 ) in the short string hmit), and A^^ 
are the occupation numbers for the osciUator states of f3. 

If u is smaU as in ( jO^ ), z/^ < 5 < 1, i.e. ^ 2S (see (|3J8D , (|3:20D ) we find to the 
leading order (n 7^ 0) 

E^^fX {V2S + + ^= V (1 - ^ + ^) InlA^n + ... , (6.15) 

' * n= — 00 

where we replaced E^ac by Eq in ( |3.22p . Since in the short string case 5^1 (see ( |3.2Up ), 
the excited states can be very heavy. 

In the opposite case of large u ^ 1 when k'^ ^ i/'^ + the energy ( |6.14D of states 
with n < becomes (cf. {^^),{^^) 

C °° 2 2c 

E^^/Xiu + S+^)+ Yl (l + f2-^)^- + -- (6-16) 

n= — oo 



The first two terms in the second bracket are the same as in the spectrum ( p.25|) corre- 
sponding to the case of iS = 0. 

Long string case 



To approximate the expression for the mass (|6.10 ) in the limit of large po or small r] let us 



first describe the form of the solution for p{a) in this case. Introducing the function 

y{a) = 77 sinh^ p((t) , (6.17) 



we observe that it takes values from to 1, and satisfies, according to (|3.5| ), (|3.10|) 



^ / 2 2 / / ( ^ VI ^ = ^ ' y(-) =?7smh Po = 1 . (6.18) 

Computing the integral and solving the resulting equation at small values of rj, we get y{<j) 
for < (J < f that satisfies y(0) = 0, 2/(f ) = 1 + 0{r]'^): 

1 1— — 

y{^) ^ ^ j-y [-Vil + /) + 8/ + 4/ V4 + 77 + ^7/] , /(^) = (t^) ^ • (6.19) 

In the limit 77 —j. the solution y{a) goes to zero as 77 ^ at all points in < cr < ^ and 
is equal to 1 at cr = -I . This also means that y(cr) In^ 77 goes to at all points < a < ^. 
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Substituting the solution ( |6.19|) into (|6.10|) , and taking into account (|3.10|) , p.26|) , we 

get 

2 2 
ml ^ + ^(1 - y(a)) rj ^ + — In^ ry . (6.20) 

Thus, we see that the fluctuations Pi around the long string have a-independent and very 
heavy mass. The energy of the excited states is then given by (cf. (|6.6| )) 



1 / 2 

E ^ E,ac + - Yl V + iy^ + — ln^vNn. (6.21) 



K ^ — ' V TT^ 

n= — oo 



In the case of small i.e. (see ( |3.28| )) u'^ ^ In^ 77 ^ In^ S we get (using ( |3.26D ) 

2 ^ 

E ^ i?vac + ^^7^^ E - • (6.22) 



n= — oo 



Note that we do not get 0(ln5') terms in the oscillator part of the spectrum. 
In the opposite case when z/^ ^ In^ 77 ^ In^ ^ 



1 °° 1 cS 

E^E,,, + — V (n2 + _) iV, . (6.23) 

n= — 00 



Acknowledgements 

We are grateful to M. Vasiliev for a useful discussion. This work was supported by 
the DOE grant DE-FG02-91ER40690. The work of A. A. T. was also supported in part 
by the PPARC SPG 00613, INTAS 99-1590 and the Royal Society Wolfson research merit 
award. 



Appendix A. Expression for the energy in conformal gauge 

To compute the 1-loop correction to the space-time energy of a given classical string 
configuration we need the expression for the energy in terms of the fluctuation flelds, gov- 
erned by the quadratic fluctuation action like ( ^.14|) ,( p.l5|) . As described on the example 
of the boosted solution in section 4, one is to solve the conformal gauge constraints, ex- 
pressing the energy in terms of the quantum values of space-time momenta or conserved 
charges and a term quadratic in the fluctuation flelds (which turned out to be the 2-d 
Hamiltonian of the transverse fluctuation flelds, see ([4.9|)-( ^T3D ). Quantizing the fluctua- 
tion flelds using the quadratic part of the string action in the conformal gauge, one may 
then be able to compute the expectation value of the energy in a given quantum state. 
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Here we will derive the expression for the energy for the case of the expansion near 
the rotating solution (|3.1| ). In general, the space-time energy is the zero mode of the 
momentum conjugated to the time variable t 



(A.l) 



where Gu = —Gqo, i.e. in the present AdS^ case ( |2.6| ) Gtt = cosh^ p. As usual, the l.h.s. 
of the first of the two conformal gauge constraints ( p.3|) is proportional to the density of 
the full 2-d Hamiltonian 

n{t, <p, (/p, p, ...) = Igmn{X) {doX^doX'' + diX^'d^X'') 



^Gtt idotdot + ditdit) + ... . 



(A.2) 



Splitting the field t as kt + 1, and taking into account that the metric is invariant under 
the time translations, we get from the constraint Ti. = 



Gudot = l-nGtt + -T-C{t, (p, f, p, ...) 
2 K 



(A.3) 



where H{t,(j),ip, p, ...) is given by (|A.2| ) with the replacement t ^ t. In addition to the 
energy, our background has two other conserved charges related to the invariance of the 
metric under translations along cf) and (p directions (cf. ( |3.13| ),( ^yT^ )): 



S = VxJ^G^^do(p, = ^ / 



da 
2^ 



Gipip do(f 



(A.4) 



where = sinh p cos^ /3i cos^ /32 and G^p^p = cos^ -01 cos^ -02 cos^ '03 cos^ -04. Since the 
conformal-gauge string action and thus the Hamiltonian depend quadratically on (p and 
(p, we may repeat the same splitting procedure with cp and (p in (|A.3| ): setting (p = ujt + 
(p, p> = UT + p>, using the definitions ( |A.4] ) and integrating ( |A.3D we arrive at the following 
expression for the energy (|A.1|) : 



E 



uj ^ V ^ \f\ f da 

-S+-J+ / — 

K K K 2n 



1 1 1 ~ ~ _ 

-k'^Gu - -^uj'^G^^ - -y'^G^^ + (p, ip,p,.. .) 



, (A.5) 



where TC{t, cp, v?, p, . . .) is again given by the l.h.s. of ( |A.2| ) with the replacement t ^ t, 

(p, <p (p. 
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Next, let us expand the remaining fields near their classical values as in (|5.1| ): p(r, a 



Ai/4/ 



A, = XT/T^s = 1,2; s = 1,2,3,4), rescaling also i, </>, by 



i^xyj . To quadratic order in the fluctuations we then get 

'I 



E 



--Eo + -{S - So) + -{J - Jo) + - 

K K K 



da 
2^ 



— Lu'^) cosh2p 



+ ^u'' sinh^ p pf + ^ ^(2)^^~ ~ 



(A.6) 



where -Eq, Sq^ Jo are the "classical" values of energy and charges computed on the ro- 
tating string background, i.e. given by ( |3.12| ),( PTT^ ),( ^4.1^ ). Comparing this to the action 
( p.l4| ),( ^TT^ ) or, equivalently, ( |5.23| ), it is easy to check that the integrand in ( |A.6| ) co- 
incides with the 2-d Hamiltonian 7^2d corresponding to the quadratic fluctuation action 
( p.l4| ),( ^TT^ ) or, equivalently, (|5.23[ ). The explicit expression for 7i2d in terms of flelds 
and their derivatives can be obtained from the (minus) Lagrangian by dropping the terms 
linear in time derivative (i.e. mixed terms in ( |5.14| )), and by reversing the signs of the 
terms quadratic in time derivative. In terms of redeflned flelds in ( |5.14| ),( |5.15| ) 

1 



n 



2d 



[ - dotdot - ditdit - p^P + docpdocp + di(j)di(p + 



2 22 



+ dopdop + dipdip -f p'pp' -f dol3,dol3, -f dil3,dil3, -f m^^f 
+ do(pdo(p + di(fdi(fi + doi'sdoips + doi'sdoi's + ^'^ip'^] ■ 
The flnal form of ( |A.6|) is thus 



V 



E = Eo + -iS-So) + -iJ-Jo) + - / — 7^2d(t,</>,<^,P,A,V', 

ZTT 



da 



(A.7) 



(A.8) 



K K K 

This expression generalises the one in the pure boost case, which, upon quantisation led 
to eq.( [4.13| ) (there w = 0, k = S = Sq = 0, Eq = Jq). In general, assuming one can 
diagonalise the second-order differential operators appearing in ( |5.14| ) , (p.l5[ ) , one can then 
choose a speciflc quantum state (subject to the "level matching" condition following from 



the second constraint (|3^)) with given quantized values of J and 5" equal to their classical 
values (see ( |6.1| )) and compute the average value of E in ( |A1 



E = (<If\Em = Eo + -(^'lifadl^') 



(A.9) 



if. 



2d 



^^2d(t, ^, ^: P:l3i:1ps 
ZTT 



Finally, one may express the classical parameters z/, cu, k in terms of S and J in the leading 
quantum correction (i.e. up to 0{-^^) terms as in ( [4.13| )) using the classical relations of 



section 3. 
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